Suppose that / is in L2(A) where A is the unit disk, and that f = 0 outside A. We show that then the Cauchy transform Wf of /, when restricted to A, satisfies Wfh < (2/a)||/||2 , where a rs 2.4048 is the smallest positive zero of the Bessel function Jo . This inequality is sharp.
INTRODUCTION
Let G denote a bounded domain in the complex plane C and let A be the unit disk {z: \z\ < 1} . As usual, L (C7) denotes the space of complex-valued functions /, defined on G for which the norm H/ll2,C={/Gl/(^ + i»|2^^}1 is finite. We denote ||/||2 A simply by ||/||2. Such a function / may be considered as an element of L (C) by setting it equal to zero outside G. Then we may form the Cauchy transform iWf)iQ = ^ Í ^-dxdy n Jg z -C where z = x + iy . Unlike the two-dimensional Hilbert transform %*f (also called the Beurling transform), the Cauchy transform is not bounded as an operator from L2(C) to L (C). The characteristic function of any bounded domain has Cauchy transform whose modulus behaves like |£|_1 as Ç -► co and so does not belong to L (C).
Nonetheless, it follows from the Sobolev embedding theorem (see, for example, [5, Theorem 2(h), p. 124], or [4, p. 7] ) that W is a bounded operator from L2(G) to LPiG) for all bounded plane domains G and all p < co. More precisely, we observe that if g = Wf where / e L2(C7), then dg/dz -f G L2(C) while dg/dz = ^fGL2iC) (see [3, (7. 10), p. 157]). Now Sobolev's theorem implies that g G LP(E) for all p G (0,co) and all compact subsets E of the plane. The fact that g7/ G L2(G) if f G L2(G), has been used by Hamilton [2] to show the equivalence of the Poincaré inequality and the "analytic Poincaré inequality" for bounded domains G. (Hamilton formulates his result for bounded simply connected domains only, but the same proof works for all bounded domains.)
In this note we determine the precise value of the operator norm \\W\\ when & is considered as an operator from L2(A) into L2(A). We denote by a the smallest positive zero of the Bessel function J0 of order zero so that a « 2.4048256 by [6, p. 748] , and hence 2/a « 0.83166. and that this inequality is sharp if G is a disk of radius R. To prove Theorem 1 it suffices to show that \fêP\2 < (2/a) \\P\\2 whenever
is a polynomial in z and z, since such functions are dense in L (A). In this case only finitely many of the complex numbers amn are nonzero. We set
An application of Green's formula yields
where dA is the unit circle and T(¿) denotes a circle of radius S centered at C. We define P> 1, Í1' 10, p 10, p<0, for integers p. Noting that z"+ = z~n~ for \z\ -1 and using the residue theorem we obtain and i / j, it follows that / and g are orthogonal in the Hilbert space L (A). By (2.2), also fêf and <ë'g are then orthogonal, and we conclude that to find the norm of W, it suffices to consider W' f for / e S' , for each integer p separately. This is evident also from (2.3) and (2.4).
So we set m-n = k-l = p and for each p, we seek the best constant Ap such that, for all choices of amn the inequality 
Equivalently, we must show that ß3 > 0 where
setting y^/A = ¿^ . Once again this can be rearranged to give n TT* â Í2(tA-t-')(tL-t-') , iß2 -4)AL + 4p + 4(A-1)(L -1)
= EVl( p(A + L-p) + p"(A + L-p)(A + L-p-l)
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use .3) has the solution y it) = J0i2\/Tß), so that yix) = 70(2y/(1 -x)/X) . Since we require that y(0) = 0, it is clear that we must choose X = 4/ß where ß is a positive zero of J0 . Hence the maximal X is given by X = X* = 4/a . Since /q(0) = 0, we have y'(l) = 0. The condition that y(x) > 0 for 0 < x < 1 also forces us to take ß = a above. Finally, since Jq(u) = -/,(«) < 0 for 0 < u < a (cf.
[6, pp. 45, 479]), it follows that y\x) > 0 for 0 < x < 1, as required. We conclude that (5.1) and (5.2) hold with Ax = 4/a and that this value of Ax is best possible. Thus Theorem 1 is proved.
